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C
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U0 U (polar)

U0 =
{
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V
⟨ v, ν ⟩V∗ ≦ 1, v ∈ U
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V∗ V∗
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4 [18]
U

, Birkhoff-Kellog[4],
Rothe[23], J.Schauder ([24], [25])

A.Tychonoff ([28])
Dunford-Schwartz[9] (fixed point property)

2 (Tychonoff) K X
T : X → X

T (K) = { T (x) |x ∈ K } ⫅ K

K T

T (x0) = x0

x0 ∈ K

[26] T (K) ̸⫅ K Tychonoff
X K

T : K → X K T

0 < p(x0 − T (x0)) = min { p(x− T (x0)) |x ∈ K}

p x0 ∈ K
“ ” T K

2

I.M.Graves [11]
Riemann . [31]

T.H.Hildebrandt Lebesgue Banach
Lebesgue 1930

([3], [5], [8], [10], [19], [21])
([20], [22]) 1950

([9], [12], [13], [30]).
Banach Lebesgue Bochner

, Arendt et al[2] 1 Drábek-Milota[7] 3 [16] 6 ,
[27] 7 Yosida[30] 5

(Ω,B, µ) u(·) Ω Banach X
Lebesgue (a) (b) 2

2
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(a)
s ∈ Ω u(s) X

s u(s) = 0

(b) x∗ ∈ X∗
X
⟨ u(·), x∗ ⟩X∗

(a) u B (b) u
B {u(s) | s ∈ Ω }

u

3 (Pettis) (Ω,B, µ) u Ω Banach X
u B u B

u

Bochner u = u(·)∫

Ω

u(s)µ(ds)

u Bochner ∥·∥X X

lim
n→∞

∫

Ω

∥u(s)− un(s)∥X µ(ds) = 0

{un} ,
{un} ∫

Ω

χB(s)un(s)µ(ds)

Cauchy B x µ

Bochner

∫

Ω

u(s)µ(dx) χB B

µ u Bochner Bochner
u µ

4 (Bochner) (Ω,B µ) u Ω Banach X
B u µ

∥u∥X µ

Banach X, Y X D Y A
A

{ (x,A(x)) |x ∈ D }

X×Y A

5 X, Y Banach X D
A Y

3
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(Ω,B, µ) u : Ω → D µ Au

µ

∫

Ω

u(s)µ(ds) ∈ D

A(

∫

Ω

u(s)µ(ds)) =

∫

Ω

A(u(s))µ(ds)

X Banach x∗ ∈ X∗
X
⟨ ·, x∗ ⟩X∗ X

X
⟨
∫

Ω

u(s)µ(ds), x∗ ⟩X∗ =

∫

Ω
X
⟨ u(s), x∗ ⟩X∗ µ(ds), ( x∗ ∈ X∗)

X = V∗ Banach V v ∈ V

V
⟨ v, · ⟩V∗ V∗ X

V
⟨ v,

∫

Ω

u(s)µ(ds) ⟩V∗ =

∫

Ω
V
⟨ v, u(s) ⟩V∗ µ(ds), ( v ∈ V)

, X X
A s ∈ Ω u(s) A

X
⟨ A

(∫

Ω

u(s)µ(ds)

)
, x∗ ⟩X∗ =

X
⟨
∫

Ω

Au(s)µ(ds), x∗ ⟩X∗

=

∫

Ω
X
⟨ Au(s), x∗ ⟩X∗ µ(ds),

V
⟨ v,A

(∫

Ω

u(s)µ(ds)

)
⟩V∗ =

V
⟨ v,

∫

Ω

A(u(s))µ(ds) ⟩V∗

=

∫

Ω
V
⟨ v,Au(s) ⟩V∗ µ(ds)

3 Riemann

Riemann R

V X = V∗ u : [a, b] → X X
[a, b] ∆ : a = t0 < t1 < · · · < tm = b 0

C x1, · · · , xm, x ∈ C

1

b− a

m∑
j=1

(tj − tj−1)xj − x ∈ C

4
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u(s)− u(t) ∈ C, s, t ∈ [a, b]

u Riemann S∆(u) τ ∈ [a, b]

±
(
u(τ)− 1

b− a
S∆(u)

)
∈ C

1 ≦ j ≦ m

u(s)− u(t) ∈ C, s, t ∈ [tj−1, tj ]

∆ ∆′

± 1

b− a
(S∆(u)− S∆′(u)) ∈ C

0 V [a, b]
u δ > 0 δ

s t

u(s)− u(t) ∈ V

∆1 ∆2 δ ∆′ =
∆1 ∪∆2 ∆1, ∆2

± 1

b− a

(
S∆j (u)− S∆′(u)

)
∈ V, (j = 1, 2).

,
1

2(b− a)
(S∆1(u)− S∆2(u)) ∈ V, (j = 1, 2).

{S∆} Cauchy
Riemann

Riemann Cauchy
X V

“Banach u Riemann
Bochner ”

[16])

4

V Banach X = V∗ A : X → X
f : [0, L] → X

{
du

dt
= Au+ f,

u(0) = u0

5
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u : [0, L] → X

I(u)(t) = u0 +

∫ t

0

Au(s)ds+

∫ t

0

f(s)ds,

u = I(u) u φ ∈ V

V
⟨ φ, u(t) ⟩V∗ =

V
⟨ φ, I(u)(t) ⟩V∗

=
V
⟨ φ, u0 ⟩V∗ +

V
⟨ φ,

∫ t

0

Au(s)ds ⟩V∗ +
V
⟨ φ,

∫ t

0

f(s)ds ⟩V∗

=
V
⟨ φ, u0 ⟩V∗ +

V
⟨ φ,A

∫ t

0

u(s)ds ⟩V∗ +
V
⟨ φ,

∫ t

0

f(s)ds ⟩V∗

=
V
⟨ φ, u0 ⟩V∗ +

∫ t

0
V
⟨ φ,Au(s) ⟩V∗ ds+

∫ t

0
V
⟨ φ, f(s) ⟩V∗ ds

u
u1 = I(u0) uj+1 = I(uj) , {un} u1

φ ∈ V∗

V
⟨ φ, u1 ⟩V∗ =

V
⟨ φ, u0 ⟩V∗ +

V
⟨ φ,

∫ t

0

Au0ds ⟩V∗ +
V
⟨ φ,

∫ t

0

f(s)ds ⟩V∗

=
V
⟨ φ, u0 ⟩V∗ +

V
⟨ φ,Au0 ⟩V∗

∫ t

0

ds+

∫ t

0
V
⟨ φ, f(s) ⟩V∗ ds

=
V
⟨ φ, u0 ⟩V∗ + t

V
⟨ φ,Au0 ⟩V∗ +

∫ t

0
V
⟨ φ, f(s) ⟩V∗ ds

=
V
⟨ φ, u0 + tAu0 +

∫ t

0

f(s)ds ⟩V∗

u1 = u0 + tAu0 +

∫ t

0

f(s)ds

V
⟨ φ, u2 ⟩V∗

=
V
⟨ φ, u0 ⟩V∗ +

∫ t

0
V
⟨ φ,Au0 + sA2u0 +

∫ s

0

Af(r)dr ⟩V∗ ds+ V
⟨ φ,

∫ t

0

f(s)ds ⟩V∗

=
V
⟨ φ, u0 ⟩V∗ +

∫ t

0
V
⟨ φ,Au0 + sA2u0 ⟩V∗ ds+

∫ t

0

∫ s

0
V
⟨ φ,Af(r) ⟩V∗ drds

+
V
⟨ φ,

∫ t

0

f(s)ds ⟩V∗

6
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V
⟨ φ, u2 ⟩V∗ =

V
⟨ φ, u0 + tAu0 +

t2

2
A2u0 ⟩V∗

+

∫ t

0

∫ s

0
V
⟨ φ,Af(r) ⟩V∗ drds+ V

⟨ φ,
∫ t

0

f(s)ds ⟩V∗

,

∫ t

0

∫ s

0
V
⟨ φ,Af(r) ⟩V∗ drds = t

∫ t

0
V
⟨ φ,Af(s) ⟩V∗ ds−

∫ t

0

s
V
⟨ φ,Af(s) ⟩V∗ ds

=
V
⟨ φ,

∫ t

0

(t− s)Af(s)ds ⟩V∗ .

V
⟨ φ, u2 ⟩V∗ =

V
⟨ φ, u0 + tAu0 +

t2

2
A2u0 ⟩V∗

+
V
⟨ φ,

∫ t

0

(t− s)Af(s)ds ⟩V∗ +
V
⟨ φ,

∫ t

0

f(s)ds ⟩V∗

=
V
⟨ φ, u0 + tAu0 +

t2

2
A2u0 ⟩V∗

+
V
⟨ φ,

∫ t

0

(1X + (t− s)A) f(s)ds ⟩V∗ ,

u2(t) = u0 + tAu0 +
t2

2
A2u0 +

∫ t

0

(1X + (t− s)A) f(s)ds

1X

un(t) =
n∑

j=0

tj

j!
Aju0 +

∫ t

0

n−1∑
j=0

(t− s)
j

j!
Ajf(s)ds

x ∈ X

Un(t)x =

n∑
j=0

tj

j!
Ajx+

∫ t

0

n−1∑
j=0

(t− s)
j

j!
Ajf(s)ds

A t {Un(t)u0}
u∞(t) I(Un(·)u0)(t) I(u∞)(t)

Un+1(t)u0 = I(Un(·)u0)(t) u∞ = I(u∞)
u∞
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5

Banach A V

1 2
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