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§ 1 BEER

§ 2 [ BRfliDZEEY % FCiR 3 A 249 € 7L — Brownian motion

§ 3 ! HffiZ& > H LAY E 7L - Harrod-Domar € 5L DWW

§ 5 I —iEY L HRIEIZ B € T L RS

§6 177y 73— XETNOWE—European call option

§ 7 I BMfiZEE) X DET L E L TP Geometric Brownian motion

§ 8 [ HEERMS, FREROMBICLNBOLNLE T Ty 72— a— L XDAR

ZITH, EERGS5~§ 8EBAT S,

<§ 5> Martingales and strategies

Sn © capital gain after n-th investment period

B. © volume of investment in n+1 th period

Xh41 - variable interest (return) during (n+1)-th period

Assumptions (1) Interest rate is independent of previous rates
(2) Mean interest in any period is Zero.
(3) Investment can only be placed in multiples of 2 (70)
(4) Investment can only be paid from the capital gain
(5) Investment is made only on the basis of knowledge of previous interest

rates

(1)—() vyealds : B,=b(X;..X,), «=B,=S, or B,=0

Sni1=S, +b(X1---Xn)Xn+1

Let T be the first time when S, drops below 2. If T=o0, one always can interest and since

Sn+1—Sn =b(X,.. Xn)Xns1 Z @B, if one invests always S, does not approach to any limit.
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However, “Martinegale convergence theorem” tells that S, converges with probability 1,
hence T=o0 is an impossible event and the player goes bankrupt! In other words : No
strategy b, except b=0, can beware of bankruptcy!

<§ 6> European call option.
Consider the following financial derivative :

- bonds : fixed interest rate r, | B.= L, exp(rt) \

- Stock : risky asset with value X.(t=0), random.

- Portfolio : containing b; bonds and a; stocks.

- asset : value V. of portfolio at time t, : | Vi=aX;+bs }

- calloption : option to buy a stock at or up to time T at a fixed price K.

European : buy at time T
American : buy up to time T
T =time of expiration, K=exercise price (strike price)
General Assumptions

(6) no costs of transactions

(7) no capital extraction from portfolio

(8) self-financing : only changes of 8 and X, change V.

(9) no arbitrage : not possible to change V; by risk free changes
Question : How much should one pay for a European call option with expiration time T and
strike price K at time t=0, once the interest rate r and the law of X, is known?

Answer of Black & Scholes :

V, : the price of call option

V. : the portfolio at time T

An individual, investigating the price of the option in bonds (at interest rate r) and stocks
(with value X,) at time zero, has a self-financing strategy (a, b)) 0=t=T so that

V,=Max(0, X:—K), the amount be would obtaired by investing into the European call
option.

V, is given by the Black & Scholes Formula :
V=X, (g(T, X,)) —ke " (h(t, X)), where

60 q&(x):«/Z_E_le‘XTZ, g(t, x)zd—bf—<log%+<y+%z->t>, h(t, x)= g(t, x)—ovt

<§ 7> A model for X, : Geometric Brownian motion
Random quantity X has normal law with mean g and derivation a>0

_ PRY
if Prob (a<X<b) =y270 lfexp[—%géi}dx.

Random quantity B consisting of randomly chosen continuous functions“t — B.” is called

Brownian wotion if
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0=0
{ - Fix t,<t,<..<ty. The increment B, Bi,—Bu,,...Btn— B,
are independent and the law of B, — B, is nornal with ©#=0, ¢?=tg —tg_,.
Let X;=ut+0B;. Then X, is a Brownian motion with drift x, volatility ¢<0,

2
thexp[<c——02—>t+ oBt} is “geometric” Brownian wmotion with fixed interest rate ¢ and

volatility 0<0. we shall see that %:cdt—k 0dB,, and hence
t

t t
Xt:X0+c£ Xsds+o£XSst

Now we apply “ITO’s formula” : Vs<:

t 2 t
ftt, B)—6s, B)= [ | S(u, B4 e Bo) Jau+ [ -2, BL)aB,

to f(t, B)= ,u(T-t, X, exp[<c—%2)t+ aBtD, where £(T—t, X)=a,X+bs=V,

Xy

2 t
Then we have : V,—V,= K t{%f(s, BS)+% 2 (s, Bs)}ds+ A 2 (s, B.)dB,

and by compareing coefficients we have the following partial differential equation :
2 2
~aa—t/,¢(t, x):‘%x2 %z-,u(t, X)+rx%,u(t, xX)—ru(t, X)
with boundary condition : (0, x)=Max{0, x—K)
The solution is given by : u(t, x)=x¢(g(t, x))—Ke "¢ (h(t, x))
and for t=T and x=X,, we have (3) ;
Vo=u(T, Xo)=Xo¢(g(T, Xo))—e "¢ (h(T, X,)).
(OCE) HAIEE T (R



